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ABSTRACT
We present the first resolved image of the debris disk around the 16± 8 Myr old star, HD 114082. The observation was made in the
H-band using the SPHERE instrument. The star is at a distance of 92 ± 6 pc in the Lower Centaurus Crux association. Using a Markov
chain Monte Carlo analysis, we determined that the debris is likely in the form of a dust ring with an inner edge of 27.7+2.8−3.5 au, position
angle –74.3◦+0.5−1.5, and an inclination with respect to the line of sight of 6.7
◦+3.8
−0.4. The disk imaged in scattered light has a surface density
that is declining with radius of ∼r−4, which is steeper than expected for grain blowout by radiation pressure. We find only marginal
evidence (2σ) of eccentricity and rule out planets more massive than 1.0 MJup orbiting within 1 au of the inner edge of the ring, since
such a planet would have disrupted the disk. The disk has roughly the same fractional disk luminosity (Ldisk/L∗ = 3.3 × 10−3) as
HR 4796 A and β Pictoris, however it was not detected by previous instrument facilities most likely because of its small angular size
(radius ∼0.4′′), low albedo (∼0.2), and low scattering efficiency far from the star due to high scattering anisotropy. With the arrival
of extreme adaptive optics systems, such as SPHERE and GPI, the morphology of smaller, fainter, and more distant debris disks are
being revealed, providing clues to planet-disk interactions in young protoplanetary systems.
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1. Introduction
Debris disks are dust belts produced by collisions be-
tween planetesimals orbiting stars at ages &10 Myr (e.g.,
Backman & Paresce 1993; Wyatt 2008). Since the first image
of a debris disk around β Pictoris (Smith & Terrile 1984), more
than 80 debris disks have been resolved at optical, infrared,
and submillimeter wavelengths1 (Choquet et al. 2016). Asym-
metries in these dust disks are thought to be signs of interac-
tions with unseen bodies, possibly of planetary mass; exam-
ples include offsets of the disk with respect to the star as in
? The reduced images are only available at the CDS via anonymous
ftp to cdsarc.u-strasbg.fr (130.79.128.5) or via
http://cdsarc.u-strasbg.fr/viz-bin/qcat?J/A+A/596/L4
the case of HR 4796 A (Wahhaj et al. 2014; Thalmann et al.
2011; Schneider et al. 2009), a warp in the disk as in the case of
the β Pictoris planetary system (Lagrange et al. 2012), or mul-
tiple gaps and rings as in the case of HD 141569 (Perrot et al.
2016; Biller et al. 2015). Indeed several debris disk systems have
massive planets that have been directly imaged, but the planet-
disk interactions are not always well understood (e.g., HR 8799,
Booth et al. 2016; Fomalhaut, Kalas et al. 2008, 2013; β Pic,
Lagrange et al. 2009, 2010, 2012; HD 106906, Kalas et al. 2015;
Lagrange et al. 2016). Even toy model predictions are not easy
to make (e.g., Mustill & Wyatt 2009; Rodigas et al. 2014). More-
over, significant asymmetries in the form of clumps in the debris
disk of AU Mic have been recently attributed to a stellar wind
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around the M star primary, showing that such features need not
be connected to orbiting companions (Boccaletti et al. 2015).
In order to be able to discern between different effects, it is
essential to understand the optical properties of different grains
and their dynamical properties as an ensemble across systems of
different ages and around stars of different spectral types. With
this goal in mind, we are undertaking the SPHERE High Angu-
lar Resolution Debris Disk Survey (SHARDDS, VLT program
096.C-0388, PI: J. Milli) project. Using adaptive optics (AO)
imaging in H-band, we targeted 55 cold debris disks with high
fractional luminosity (Ldust/L∗ > 10−4) but that were never re-
solved in scattered light. Indeed, it was unclear why highly sen-
sitive instruments such as the Hubble Space Telescope (HST)
had been unable to detect most of these debris disks. One
possibility was that the excess emission originated from disks
with small angular separations from their primaries where HST
and first generation AO instruments provided insufficient con-
trasts. With the advent of an extreme adaptive optics instrument
like the Spectro-Polarimetric High-contrast Exoplanet REsearch
(SPHERE; Beuzit et al. 2008), the detection of such disks is
within reach.
In this paper, we present the first resolved image of a com-
pact disk around the F3V star HD 114082 at a distance of
92± 6 pc with an age of 16± 8 Myr in the Lower Centau-
rus Crux association (Pecaut et al. 2012). The luminosity and
mass estimates for the star are 3.6± 0.2 L and 1.4 M, respec-
tively (Pecaut et al. 2012). Debris disks in this age range rep-
resent an interesting evolutionary stage, as they fall between
the 10 Myr old TW Hya association disks (HR 4796A, etc.;
Stauffer et al. 1995) and those in the 20 Myr old β Pic associ-
ation (Binks & Jeffries 2014).
2. Observation
We observed HD 114082 (F3V, V = 8.2) on UT Feb. 14, 2016
in the IRDIS (Dohlen et al. 2008) classical imaging mode of
SPHERE (Beuzit et al. 2008) with pupil tracking for angular dif-
ference imaging (Liu 2004; Marois et al. 2006). The SPHERE
instrument is equipped with the extreme adaptive optics sys-
tem SAXO (Fusco et al. 2014), which corrects atmospheric tur-
bulence at 1.38 kHz, using a 40 × 40 lenslet Shack-Hartmann
sensor and a high order deformable mirror. The IRDIS instru-
ment has a field of view (FoV) of 11′′ × 11′′ and a pixel scale of
12.251± 0.005 mas (SPHERE User manual).
We acquired 152 images, each with an integration time of
16 s. The sky rotated through 16.7◦ with respect to the detector
during this sequence. The apodized Lyot mask, N_ALC_YJH_S,
with an opaque mask of diameter 185 mas was used. Images in
this mode are obtained in two channels simultaneously, both in
the H-band (λ = 1.625 µm, ∆λ = 0.29 µm). Since the simulta-
neous images are in the same band, they are just added together.
The seeing ranged from 0.6′′ to 0.7′′ and the Strehl ratio esti-
mated by SAXO was 65% to 75%, while the wind speed varied
between 1.5 and 2 m/s.
The images were flatfielded and sky subtracted in the usual
way. We also acquired off-mask unsaturated images of the star,
through a neutral density filter. These are used to estimate the
contrast achieved with respect to the star in the rest of the field.
We also acquired images with four satellite spots equidistant
(400 mas) from the star, which we later used to the determine
the stellar position behind the mask. This is important when
1 The Catalog of Circumstellar Disks:
http://www.circumstellardisks.org/
derotating images around an accurate center. The spots are cre-
ated by introducing sine aberrations into the deformable mirror
of the SAXO system.
3. Data reduction
Basic reduction was carried out using the SPHERE data reduc-
tion pipeline (Pavlov et al. 2008) to subtract backgrounds and
apply bad pixel and flat-field corrections.
Since the total sky rotation was only 16.7◦ we expect signif-
icant self-subtraction of any disk. Nonetheless, a principal com-
ponent analysis (PCA) reduction (Soummer et al. 2011) revealed
an edge-on disk extending out to ∼0.5′′ from the star. As in any
ADI reduction, we try to subtract the star light from the science
frames, which is decoupled from any off-axis astrophysical light
source that rotates. In PCA, we construct an eigenbasis of im-
ages using the science frames, and construct a reference corona-
graphic image using only a few of the largest components of this
image projected onto the eigenbases. This method preferentially
selects star light over the varying (rotating) signal, thus subtrac-
tion of the reference image reveals the underlying off-axis as-
trophysical source. The difference images are then derotated and
combined.
For our reduction we found that applying the PCA algorithm
to images divided into annular rings of ten pixels in width, start-
ing at five pixels from the center, gave the best results. We used
only the first seven principal components to construct the refer-
ence image for subtraction. The final reduced image is shown in
Fig. A.1. We see a nearly edge-on, narrow ring with a large inner
hole that is clearly visible on both sides of the star. We also per-
formed a reference difference imaging (RDI) reduction, which is
described in Appendix A.
To maximize the S/N of the disk, we use the MLOCI algo-
rithm (Wahhaj et al. 2015). Here, the star subtraction and science
combination steps are performed simultaneously, while preserv-
ing a given signal region and minimizing the rms in a given back-
ground region (Fig. A.2, right panel). In the reduced image of
Fig. 1, we see that the inner hole is again clearly visible and so
there is a brightness asymmetry across the short axis of the ring.
However, there is some self-subtraction although less severe than
before.
4. Analysis
All of our reduced images suffer from artifacts of the reduction
process. Although it is possible to estimate the range of disk
properties by subtracting simulated disks from the data set and
repeating the reduction process to statistically analyse the resid-
uals, the process is very computationally expensive. Moreover,
since two of our methods are particularly resistent to disk self-
subtraction effects, methods using simulated disks are not crit-
ical. Given the complexity of the ring structure seen, we need
to consider nine disk parameters, a number that is very large for
a Markov chain Monte Carlo (MCMC) analysis. These model
parameters are the following: (1) dust surface density, Σ0; (2, 3)
offsets of the disk from the star, x and y; (4) inclination to the line
of sight (LOS), φ (0◦ indicating a pole-on orientation); (5) posi-
tion angle (PA), measured east of north; (6) inner radius of ring,
rin; (7) ring width, ∆r; (8) ring tail, exponent of density profile,
γ; and (9) Henyey-Greenstein scattering parameter, g.
We model the dust surface density as Σ(r) = 0 for r < rin,
Σ(r) = Σ0 for r = rin to rin + ∆r, Σ(r) = Σ0 r−γ for
r > rin + ∆r. Here, r is the distance from the star. The con-
trast of the disk is modeled as f (R)/ f∗ = p(θ)ωΣ(r)/‖R‖2,
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Fig. 1. Left: MLOCI+ADI reduction using the template in Fig. A.2. Right: best-fit model to MLOCI+ADI reduction obtained using the MCMC
analysis in Sect. 4.
where R = r + x + y, f∗ is the flux from the star and ω is
the albedo. We can only constrain the product ωΣ0 now, but
we break this degeneracy by considering infrared flux measure-
ments later. The flat density segment (from rin to rin + ∆r)
is included to emulate a planetesimal “birth” ring, where large
grains mostly unaffected by radiation pressure maintain their or-
bits. Beyond this radius, the density is described by a power
law to model the distribution of small grains being blown out.
Anisotropic scattering is described by the Henyey-Greenstein
function, p(θ) = (1 − g2)/(4pi(1 + g2 − 2g cos(θ)))3/2, where θ is
the angle wrt. the LOS.
As in Wahhaj et al. (2014), we use the Metropolis Hast-
ings measure with MCMC to generate a sampling of the nine-
dimensional parameter space, which is also an estimate of the
relative probability distribution for the space; see that article for
details. The relative probability of a model is e−χ2/2, where χ2
is the usual statistic for data and model image comparisons. The
model and data are compared over an ellipse (aligned with the
disk) of major axis 2′′ and minor axis 0.13′′, with the central cir-
cular region of radius 0.13′′ excluded. This region includes all
regions of the disk that are significantly detected and an ample
background region, but excludes regions containing mostly stel-
lar residuals. Including background regions is important for con-
straining the edges of the ring. In total, it covers 226 resolution
elements. However, we rescale this to count only 76 independent
measurements that register above a detection level of 2σ. The
flux uncertainty per pixel, used to calculate χ2, is the standard
deviation of intensities in the matching region, but with the disk
effectively removed by a filtering process. The technique is sim-
ilar to that used in Wahhaj et al. (2013), except that it removes
running flux averages over 15 pixels along the radial (instead of
the azimuthal) direction with the star as center. To ensure good
constraints, we examined the probability distribution of models
from MCMC to make sure that the probability of each param-
eter agrees to within 10% over two different runs. Along with
the best-fit parameter values, we list the 95% confidence inter-
nal for each parameter by rejecting 2.5% of the values on both
extremes of the distribution (see Table B.1). Using the contrast
measurement of the disk ansae from the LOCI+RDI reduction
(Appendix A), we estimate ωΣ0 = 3.28± 0.14 × 10−3, which
sets the overall intensity scale.
The parameter estimates obtained from the fits to the differ-
ent reduced images are consistent in most cases, but some have
non-overlapping confidence intervals with small fractional dif-
ferences in the best estimates. This is true for the ring inclination
where we have a ∼5% difference (81◦ vs. 84.9◦) and the inner
radius of the ring with ∼12% difference (25 au versus 28.5 au).
Also, the PCA reduction is insensitive to scattering anisotropy
due to disk self-subtraction and so we ignore its constraints on g.
We believe that the non-overlapping constraints are due to small
artifacts introduced into the final images from the reduction pro-
cess. Since the MLOCI reduced image yields the smallest re-
duced χ2 (1.5), we adopt its parameter estimates as best, while
reporting the extremes of the 2σ limits from the other reductions
to be conservative in our constraints.
We repeat the MCMC analysis, comparing the spectral en-
ergy distribution (SED) models to the available photometry
(Table B.2) with a0 (minimum grain radius), q (grain size dis-
tribution exponent), ωΣ0 as free parameters (see Appendix C).
Meanwhile, rin, γ, and ∆r are allowed to vary within the ex-
tremes of the ranges permitted by the image fits (see Table B.1).
For all models, the total dust mass md in grains smaller than
4 mm (see Ertel et al. 2012) is calculated assuming a density of
2300 kg/m3. The 2σ constraints found were a0 = 5.0–18 µm and
q = 3.9–7.8, while Md = 0.022–0.043 M⊕. Using the previous
imaging constraints onωΣ0 with the SED constraint on (1−ω)Σ0,
we find the albedo, ω = 0.13–0.24. See Fig. C.1 for the best
SED model fit to the photometry. Finally, the AKARI photome-
try suggests that there is excess emission at 9 µm coming from
warmer dust than is detected in our scattered light images. We
can explain this excess with a ring extending from 3–4 au with
the same surface density as the birth ring. Of course this solution
is not unique.
5. Discussion and conclusions
We have presented the first resolved image of the debris disk
around HD 114082, a 16± 8 Myr old, F3V star in the Lower
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Centaurus Crux association. We estimate from the MCMC anal-
ysis of this H-band image that the disk has a birth ring with uni-
form density of width 1.9+5.8−0.9 au, outside of which the density
falls off with a power-law index of 3.9+3.3−1.1. This is the first detec-
tion of a debris disk from the SHARDDS program, which aimed
to explain why some disks with estimated high fractional lumi-
nosities were not detected in scattered light.
HD 114082 joins a family of debris ring systems that
have been imaged with clear inner holes, for example,
HD 181327 (Schneider et al. 2006), HD 207129 (Krist et al.
2010), HD 202628 (Krist et al. 2012), HR 4796 A (Wahhaj et al.
2014; Milli et al. 2015; Perrin et al. 2015), and HD 106906
(Kalas et al. 2015; Lagrange et al. 2016). Moreover, it is much
like HR 4796 A, in that it also has significant scattering
anisotropy (g = 0.23+0.05−0.08), and has mid-sized grains (radius∼11 µm), indicating that their grain properties may be very sim-
ilar. The blowout grain size due to radiation pressure is given
by D = 2300/ρ (L∗/L) (M/M∗) µm. The blowout size es-
timate for HD 114082 is thus 2.4 µm, which is much smaller
than our estimated minimum grain size (∼10 µm). The estimated
dust density power-law index (∼3.9) is much steeper than what
is expected for a distribution dominated by radiation pressure
blowout (1.5; Thébault & Wu 2008). The grain size power-law
exponent (>3.9) is steeper than that of other debris disks but is
still consistent with realistic collisional cascades (see discussion
in MacGregor et al. 2016). Since the ring is relatively narrow,
inner and outer shepherding planets may be necessary to main-
tain it. Although the disk center is not detectibly offset from the
star along its apparent long axis, because of the high inclination
of the disk, we can only constrain the offset along the short axis
to <0.15′′. This would allow a brightness asymmetry of ∼30%,
accounting for the fact that the density of grains is smaller at the
pericenter in a Keplerian disk (see Wahhaj et al. 2014). Thus,
any such eccentricity or offset would be unable to explain the es-
timated brightness asymmetry factor (4 for g = 0.23) along the
short axis, which in turn strengthens the scattering asymmetry
claim. On the other hand, if we assume that the ∼2σ level hint
of an offset (∼0.019′′; see Table B.1) along the long axis is real,
the eccentricity would be ∼0.02.
The ring has a fractional width between 0.07–0.175. Con-
sulting Eqs. (2) and (5) from Rodigas et al. (2014), we find that
a putative planet interior of the disk should not be more massive
than 1.0 MJup to have the desired broadening effect on the ring
and should have an orbital radius of ∼25 au. These constraints
are more stringent that those obtained from the direct detection
limits (see Appendix D).
Lastly, the non-detection of HD 114082 by past facilities de-
spite having a large fractional infrared luminosity is likely due
to three reasons: (1) a small disk radius (25–30 au) compared
to other ring systems (>70 au); (2) a low albedo (∼0.2); and
(3) a relatively high scattering anisotropy (g∼ 0.23) that forces
most of the light to be scattered behind the coronagraphic mask.
Nevertheless, we expect more detections of narrow ring systems
with smaller disks by extreme AO instruments like SPHERE
and GPI, as such systems are predicted from dynamical anal-
yses investigating the infrared excesses detected around young
stars (Kobayashi & Löhne 2014).
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Appendix A: Multiple reductions of the HD 114082 disk
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Fig. A.1. Left: H-band PCA Reduced image of HD 114082. A highly inclined ring with large inner hole can be clearly seen. Right: RDI+LOCI
reduction of same data set. The ring does not undergo self-subtraction here, and flux levels are more reliable.
−0.6 −0.4 −0.2 0.0 0.2 0.4 0.6
−0.6
−0.4
−0.2
0.0
0.2
0.4
0.6
MLOCI template overlayed
on RDI reduction
0.3"
−0.6 −0.4 −0.2 0.0 0.2 0.4 0.6
 
 
 
 
 
 
 
MLOCI+RDI, H−band
Fig. A.2. Left: MLOCI template. MLOCI works to preserve signal directly in the regions shown in white, while it tries to minimize noise in
the solid blue elliptical region. Right: MLOCI+RDI reduction using the template on the left. Same as in Fig. A.1, the ring does not undergo
self-subtraction and the flux levels are more reliable.
Since the PCA reduction suffers from self-subtraction of the disk in the star subtraction process (see Milli et al. 2012), we need a
higher fidelity image to confirm the ring morphology. The apparent sharpness of the image is also due to this self-subtraction effect
that enhances the edges of the disk. We observed many stars without any sign of a disk in the SHARDDS program, and so we can use
these as a library to construct reference images for star subtraction; this method is known as Reference Difference Imaging (RDI).
The images from seven stars of similar brightness were selected for the library; these are HD 10472, HD 105, HD 377, HD 25457,
HD 38207, HD 206893, and HD 69830. For each science image, we chose the most similar images from this library, by comparing
the residual rms in the annular region between 15 and 50 pixels from the star, after they were scaled to minimize the residuals upon
subtraction from the science image. All pixels for which the disk emission is noticeable were excluded from the match. Per science
image, we selected a maximum of 60 library images, with the condition that they reduced the rms by >30%. At a minimum, we
chose five of the best matches. On average, the matches reduced the rms by 38% to 55% (1σ range). For star subtraction, we used
the LOCI algorithm (Lafreniere et al. 2006) to subtract the best linear combination of library (not science) images from each science
image, in annular rings of 20 pixels, starting at 10 pixels separation from the star. The RDI reduced image, shown in Fig. A.1, thus
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has no self-subtraction of the disk. We estimate the contrast of the disk in this image using unsaturated images of the star, measuring
1.57 × 10−4 for the ring peak at the SE ansa.
We see the ring with very similar extent and morphology as in the PCA reduction, albeit with a less distinct inner hole. Although
the disk is retrieved with higher fidelity, here the removal of the star is not as effective. Interestingly, we identify a new feature of
the disk: over the short axis of emission, one side of the disk is noticeably brighter. This could be due to either forward or backward
scattering.
We also perform an MLOCI reduction using only the library images for star subtraction (not images of the same star). We call
this reduction MLOCI+RDI. The reduced image is shown in Fig. A.2. The star subtraction is much more effective and a brightness
asymmetry across the short axis of the axis is seen again (see Sect. 3).
Appendix B: Constraints on debris ring properties and HD 114082 photometry
Table B.1. Ring parameters estimates and 2σ constraints from MCMC model comparisons.
Parameter PCA reduction MLOCI+ADI reduction MLOCI+RDI reduction
X-offset (12.25 mas pixels) –1.1 (0.0, –2.42) –1.2 (–0.8, –1.7) –0.6 (0.15, –1.3)
Y-offset (12.25 mas pixels) –1.3 (–1.7, –0.6) –1.1 (–0.9, –1.16) –0.2 (–0.5, 0.42)
Inclination (◦) 84.9 (83.7, 86.9) 83.3 (82.9, 83.6) 81.0 (79.5, 81.9)
Position angle (◦) –74 (–73.2, –74.8) –74.3 (–73.9, –74.6) –73.6 (–72.8, –74.3)
Inner radius (rin, au) 28.5 (26.8, 30.4) 27.6 (26.9, 28.2) 25.0 (24.1, 25.8)
“Birth” ring width (∆r, au) 5.0 (1.8, 7.7) 1.9 (1.04, 3.0) 2.6 (2.1, 3.12)
Outer density profile (exponent γ) 4.8 (3.4, 7.2) 3.9 (3.6, 4.5) 3.5 (2.8, 3.9)
Scattering anisotropy (g) 0.07 (0.0, 0.18) 0.23 (0.19, 0.27) 0.23 (0.15, 0.28)
Reduced χ2 1.8 1.5 2.7
Table B.2. Photometry and references.
Filter Central wavelength Flux (mJy) Uncertainty (mJy) Reference
2MASS, Ks 2.159 909 28 Cutri et al. (2003)
WISE, W2 4.6 239 8 Wright et al. (2010)
AKARI, MIR-S 9.0 104 10 Ishihara et al. (2010)
MIPS24 23.7 216.5 6 Chen et al. (2014)
MIPS70 71.4 350 36 Chen et al. (2014)
PACS100 100 251 10 This work
PACS160 160 111 30 This work
ALMA 1240 0.43 0.05 Lieman-Sifry et al. (2016)
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Appendix C: Best SED model fits to HD 114082 photometry
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Fig. C.1. Photometry of HD 114082 showing excess flux (black dots) over the photosphere (red line). The blue solid line is the best-fit model SED
corresponding to the MLOCI+ADI model in Table B.1 (disk inner radius of 27.6 au and γ = 3.9; see text for details) with a grain radius of 7.2 µm
and grain size power-law index, q = 4.25. The dashed lines are the SED contributions of different grain diameters spaced evenly on a log scale
(light green for 10 µm, blue for 19 µm, ..., purple for 1056 µm).
The photometry beyond 5 µm where HD 114082 has a detectible excess flux over the photosphere is sparse. We use the available
flux measurements presented in Table B.2 to constrain the dust properties of the system. The thermal emission at a particular
wavelength from an annulus of infinitesimal width is modeled as
f (r) = (1 − ω)Σ(r)r−γλBν[Tp(a, r), λ]
(
2pirdr
D2
)
Jy.
See Backman et al. (1992) and Wahhaj et al. (2005) for details. Here, the new parameters are λ (=1.5a/λ when λ > 1.5a, but 1
otherwise; Greenberg 1979) the radiative efficiency, Bν the Planck function, a the grain radius, and D the distance to the system
in parsecs. The grain temperature for moderately absorbing grains like “dirty ice” (e.g., Greenberg 1979) with radius a, is given
by Tp(r) = 432(L∗/L/a)0.2(r/au)−0.4. We assume that the grain size distribution is given by n(a) da ∼ a−q da and the grain
radius ranges from a0 to a1(=2 mm). Here, q = 3.5 would correspond to a steady-state collisional cascade (Dohnanyi 1969). When
a1  λ, the SED shape is not very sensitive to a1, since the number of large grains fall so steeply both in number and temperature.
We compared our results to a quick run using the fitting tool SAnD (Ertel et al. 2012; Löhne et al. 2012) and found consistent results
from this independent tool and modeling approach.
Appendix D: Detection limits on planetary companions
There are many point sources (>20) detected in the IRDIS field of view (11′′ × 11′′), but given that this is a dense stellar field and
that the candidate separations are large (∼45 au), they are very likely background stars. Follow-up observations will confirm or
reject these as gravitationally bound companions by testing for common proper motion. The 5σ contrast from the PCA reduction
was ∆H = 9.0 mag at 0.25′′ separation and 12.4 mag at 0.5′′ separation. According to the AMES-COND models (Allard et al.
2001), these detection limits correspond to 38 MJup and 16 MJup at 0.25 and 0.5′′ (or 23 au and 46 au), respectively. These limits are
much less stringent than the limits we obtain from dynamical constraints considering the strength of companion and disk interaction
(see Appendix A).
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